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The codiameter of a graph is defined as the minimum, taken over all pairs of 
vertices x and y  in the graph, of the maximum length of an (x, y)-path. Results on 
the codiameter are presented, and a new technique is developed for dealing with 
problems about long cycles in graphs. ;C: 1990 Academic P~CSS, IN. 
1. INTRODUCTION 
In this paper, we introduce and study two graphical parameters, the 
codistance and the codiameter. These two parameters are so named 
because they can be regarded as “dual” concepts to the distance and the 
diameter. Let x and y be two distinct vertices in a graph G. We define the 
co&stance d*(x, y) between x and y to be the maximum length of an 
(x, Y)-path in G (an (x, y)-path is a path connecting x and y). If no 
(x, Y)-path exists, we set d*(x, y) = 0. The codiumeter of a nontrivial graph 
G, denoted by d*(G), is the minimum codistance in G; that is, 
d*(G)=min{d*(x, y):x, YE V(G) and x#y}. 
The codiameter of the trivial graph is defined to be zero. Thus, d*(G) 2 r 
implies that every pair of distinct vertices in the graph G is connected by 
a path of length at least r; if r is an integer, this is equivalent to saying that 
G is r-path-connected, a term introduced by Bondy [2]. We shall use 
dg(x, v) to denote the codistance of x and y in the subgraph H, i.e., the 
maximum length of an (x, Y)-path with all its internal vertices in H. 
All graphs considered are finite, undirected, and without loops or multi- 
ple edges. The vertex set of a graph G is denoted by V(G) and the edge set 
by E(G); if there is no danger of ambiguity, V(G) and E(G) are abbreviated 
to V and E. We define e(G) = (E(G)(. The edge with endvertices x and y is 
denoted by xy. The set of neighbours of a vertex XE V(G) is denoted by 
N(x), and d(x) = IN(x)1 is called the degree of x. If H is a subgraph of G, 
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then N,,,(X) denotes the set, and dH(x) the number, of the neighbours of x 
which are in the subgraph H. (Thus NG(x) = N(x) and &(x) = d(x).) The 
vertex x is said to be joined to H if dH(x) > 0. If F is another subgraph of 
G, the set of the vertices in H which are joined to F is defined by 
N,(F)= u NJX); XE V(F) 
furthermore, E(F, H) denotes the set, and e(F, H) the number, of edges 
with one endvertex in H and the other in F. Let C be a cycle in a graph 
G. If we consider a subset (a,, u2, . . . . u,} of V(C), we will assume that C 
has an orientation which is consistent with the increasing order of the 
indices of ai( 16 i < p). For each ai, i = 1,2, . . . . p, we define the SUcceSsOr of 
ai to be the vertex on C immediately after ui, according to the orientation 
of C. For i # j, C[ui, a,] denotes the segment of C from ai to uj, deter- 
mined by the orientation of C. 
For a subgraph H of G, G-H denotes the subgraph induced by 
V(G)\V(H). G is separable if there is a v E V(G) such that G - v is discon- 
nected, where v is called a cut vertex of G. A connected subgraph H of G 
is said to be contracted (to a new vertex x) if H is replaced by the vertex 
x and x is joined to, and only to, every vertex u E V(G - H) for which G 
contains an edge uv for some v E V(H). The union of two graphs G, and G?, 
denoted by G, u G,, is the graph with vertex set V(G,) u V(G,) and edge 
set E(G,) u E(G,). The join of two disjoint graphs G, and GZ, denoted by 
Gr + Gz, is obtained from their union by joining each vertex of G, to each 
vertex of GZ. The union of m disjoint copies of the same graph G is denoted 
by mG. If G and H are isomorphic graphs, we write G = H. We will often 
write G = xy + IK, or {x, y } + lK,, instead of G = K, + lK, or 2K, + lK,, 
where x and y are the two vertices of the K2 or 2K,, respectively. 
The proofs of our main theorems are based mainly on the study of the 
local structure of a graph. Definitions and results on the local structure of 
a graph are presented in the next section. 
2. LOCAL STRUCTURE 
Let C be a subgraph of a graph G and’ x a vertex in G - C. An 
(x, C)-path is a path connecting x to some vertex y E V(C) such that y is 
the only vertex of C on the path. A set of (x, C)-path is disjoint if any two 
of them have only the vertex x in common. Let H and C be two disjoint 
subgraphs of a graph G. We say that H is locally k-connected to C (in G) 
if, for every vertex XE Y(H), there are k disjoint (x, C)-paths in G. Thus, 
if H is locally k-connected to C, then H is locally l-connected to C for all 2, 
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0 Q 16 k; also, if G is k-connected, then, for any two disjoint subgraphs 
H and C with 1 V(C)1 > k, H is locally k-connected to C in G. Although the 
following three propositions are valid for arbitrary subgraphs C and H, we 
shall oniy use them in the case when C is a cycle and H is a component 
of G - C. 
PROPOSITION 1. Let H and C he two disjoint subgraphs of a graph G. If 
H is local/y k-connected to C in G, then E(C, H) contains an independent set 
oft edges, where t>min{k, IV’(H)I). 
Proof Since H is locally k-connected to C, 1 V( C)l 3 k. Add two new 
vertices x and y and join x to every vertex of H and y to every vertex of 
C. Since for every u E V(H) there are k disjoint (u, C)-paths, the deletion of 
any subset of V(G) of cardinality less than min{ k, 1 V(H)/ } cannot destroy 
all (x, y)-paths. The result follows from Menger’s theorem. 1 
PROPOSITION 2. Let H and C be two disjoint subgraphs of a graph G. Let 
u E N,(H) and G’ be the graph obtained from G by deleting all edges from 
u to H. If H is locally k-connected to C in G, then H is locally (k - l)- 
connected to C in G’. 
Proof: For any x E V(H), the deletion of the edges from u to H cannot 
destroy more than one of the k disjoint (x, C)-paths. The result follows 
from the definition. [ 
PROPOSITION 3. Let H and C be two disjoint subgraphs of a graph G, and 
B a block of H. Let H’ be the subgraph obtained from H by contracting B. 
If H is locally k-connected to C in G, then H’ is also locally k-connected to 
C in the resulting graph. 
Proof: Let XE V(H). If x4 V(B), then, for any set of disjoint (x, C)- 
paths in G, there is at most one path in the set which passes through the 
block B; thus contracting B does not decrease the number of disjoint 
(x, C)-paths. If x E V(B), let x’ be the new vertex to which B is contracted. 
Then, in the resulting graph, we have the same number of disjoint (x’, C)- 
paths as of disjoint (x, C)-paths in G. This proves the proposition. 1 
Next, we introduce the concept of local maximality for cycles. 
Let C be a cycle in a graph G and H a component of G - C. We say that 
C is a locally longest cycle with respect to H if we cannot obtain a longer 
cycle than C by replacing a segment C[u, u] by a (u, u)-path with all its 
internal vertices in H. In other words, C is locally longest with respect to 
H if, for any U, u E V(C). 
e(CCu, ul) 2 G(u, u). 
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A cycle is called an xy-cycle if it contains the edge xy. An xy-cycle C in a 
graph G is called a longest xy-cycle if no xy-cycle of G has length more 
than that of C. Analogously, we may define a locally longest xy-cycle. Thus, 
an xy-cycle C of a graph G is locally longest with respect to a component 
H of G - C if, for any segment C[u, V] such that xy $ C[u, u], 
e(CCz.4 ul) 2 dZ(u, u). 
If C is a longest cycle (longest xy-cycle) in a graph G, then, of course, 
C is a locally longest cycle (longest xy-cycle) with respect to any compo- 
nent of G - C. 
A standard technique in dealing with questions about long cycles is to 
choose a cycle C in a graph G and a component H of G - C, and then 
study the relationship between H and C. The rest of this section is devoted 
to the development of this technique. 
Let C be a cycle in a graph G and H a component of G - C. A strong 
attachment of H to C (in G) is a subset T= (ul, u2, . . . . u,] E N,(H), where 
u,( 1~ i < t) are in order around C, such that each ordered pair (ui, u,+ 1) 
(define u,, 1 = ul) are joined to H in G by two independent edges. For fixed 
C and H, a strong attachment T= { ul, u2, . . . . u,} of H to C is maximum if 
it has maximum cardinality over all strong attachments of H to C; if there 
is no edge from H to C at all, define t = 0 and T= 121. In Fig. 1, there are 
exactly two maximum strong attachments of the edge ab to the cycle C. 
They are {u, u, x} and {u, u, y}. 
LEMMA 1. Let C be a cycle, of length c, in a graph G. Suppose that H 
is a component of G-C and T= (ul, uz, ,.., u,} is a maximum strong 
attachment of H to C. Set 
S= N,(H)\T and s= (SJ 
FIGURE 1 
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Then the following statements are true. 
(a) Every vertex in S is joined to exactly one vertex in H. 
(b) For each segment C[ui, ui+ 1], 1 <i< t, suppose that 
N,(H)n V(CCUi~ ui+~l)= {a,, aI, . . . . a4, ay+~}, 
where aO=ui, aq+,=ui+,, and aj (0 < j d q + 1) are in order around C. 
Then there is a subscript m, 0 d m d q, such that 
Nff(aj) = N,(ad, O<jdm 
and 
Nff(aj) = NAa, + I ), m+l<j<q+l. 
(c) Zf C is a locally longest xy-cycle with respect to H, and 0 = 
I {x, Y> n NdH)I, then 
(2s+3-8 if t<l 
i d;(u,,uj+,)+2s+3-0 if t>2, 
i=l 
i # k 
where xy E E(C[uk, uk + ,I). 
(d) Zf C is a locally longest cycle with respect to H, then 
‘a i dg(ui,ui+,)+2s if t>2. 
i 
2(s+ 1) lj- t<l 
i= I 
(e) Zf H is locally k-connected to C in G and 1 V( C)l > k, then 
t2min{k, I V(H)1 + ID(T)I}, 
where 
Proo$ (a) Let VES. Suppose that VE V(C[u,, z++,]) for some 1, 
1 < 1~ t. By the definition of S, v is joined to at least one vertex in H. If 
v is joined to more than one vertex in H, then {u,, u> is joined to H by two 
independent edges, and so is {v, u,+ 1 }. Consequently, (u,, . . . . u,, u, 
u / + 1 f *‘-s u,> is a strong attachment larger than T, contradicting the maxi- 
mality of T. Hence, v is joined to exactly one vertex in H. 
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(b) If q = 0, take m = 0, and the statement is trivially true. Suppose 
that q 3 1. By the definition of T, there are two independent edges joining 
1 a,, ay+, } to H, say a,w and ay+ I z, where w, z E V(H). By the maximality 
of T, no ai (1 d j < q) can be joined to a vertex in V( H)\( w, z}, and so by 
(a), a, (1 < j< q) is joined to either w  or z, but not both. If there are 
1 <I< p Q q such that aI is joined to z and ap is joined to w, then 
{u ,, . . . . 4, al,a,, u,+~, . . . . u,) is a strong attachment larger than T, a 
contradiction. Therefore, there must be an m, 0 6 m d q, such that every 
uj (O<j<m) is joined to w  and every uj (m+ 1 <j<q+ 1) is joined to z. 
If m B 1, then we have that 
N&o) = i w 1 = Nff(a;), ldjfm, 
for otherwise {u,, . . . . ui, a,, ui+ i, ,.., u,} would contradict the maximality 
of T. Similarly, if m < q, 
NH(aq+l)= (4 =N,(Q m+l<j<q+l. 
This completes the proof of (b). 
(c) If t =O, then s = 0 and the statement is trivially true. For t = 1, 
since C is a locally longest xy-cycle with respect to H, no two consecutive 
vertices on C, except for (x, y}, can both be joined to H. Hence 
c>2((N,(H)l-1)+3-8=2s+3-8, 
as asserted. Suppose now that t > 2. Consider a segment C[u,, ui+ i], 
1 < i < t. Suppose that 
where a,=ui, u~+~=u~+~, and Uj (0 d j < q + 1) are in order around C. 
Then by (b), there is a subscript m, 0 Q m < q, such that 
N,(ao) = N,(%r) and Kf(a, + I) = N,(%i + 1). 
Therefore 
d?XarX?am+~)=dX(aO~ aq+l)=d%uj, Ui+l). (1) 
If i # k, i.e., xy $ E( C[ui, ui + i ] ), then, since C is a locally longest xy-cycle 
with respect to H, 
IE(cCui, Ui+ II)1 2 i dFI(Uj, a,j+ ,)=d~(U,, a,+ 1) + i dz(Uj, a,, I ) .  
j=O j=O 
if??2 
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Using (1) and noting that dX(u,, ai+ ,) > 2 for every j, 0 < j < q, we see that 
IEtcCui3 ui+ 1111 2 dZ(“i3 Ui+ 1) + 2q. 
On the other hand, it is not difficult to see that, if i= k, 
IE(C[u,, uj+,l)l>2q+3-8. 
Consequently, noting that q= JSn V(C[u,, ui+,])J, we have that 
IE(CCUi? u,+ 1 
dXui9 ui+1)+2ISn VCCUzl ui+ll)l 
1)‘~i2,~~v(C[.i,.;+~,)l+3-u 
if i#k 
if i= k. 
Summing over all i, 1 6 i 6 t, yields 
1=1 i= 1 
i#k 
as asserted. This ends the proof of (c). 
(d) If t = 0, then, as in (c), the statement is trivially true. For t = 1, 
since C is a locally longest cycle with respect to H, 
c 3 2pv,(H)[ = 2(s + t) = 2(s + l), 
as asserted. For t 3 2, the same arguments as used in the proof of (c) give 
that, for every i, 1 < id t, 
Summing over all i, 1 < id t, yields 
I 
c 2 c d$(Uj, uj+ ,) + 2s. 
i=l 
This proves (d). 
(e) We apply induction on ID(T By Proposition 1, t> 
min{k I WU}, since t is no less than the number of independent edges in 
E( C, H). Thus the assertion is true when ID( r)l = 0. So we proceed to the 
induction step, assuming ID( T)I 2 1. 
Let u/ E D(T) and G’ be the graph obtained from G by deleting all edges 
from uj to H. By Proposition 2, H is locally (k - 1 )-connected to C in G’. 
If {“,-l,u,j+ll are joined to H by two independent edges, then T’= 
T\{u,) = (~17 ...T uj-1, uj+l, ...> u,} is a strong attachment of H to C in G’. 
Since uj is joined to at least two vertices of H in G, any strong attachment 
582b,49/2-2 
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of H to C in G’ together with uj is a strong attachment of H to C in G. 
Since 1 T’I = t - 1, we see that T’ is a maximum strong attachment of H to 
C in G’ with ID( = ID(T)1 - 1. By the induction hypothesis, 
IT’1 >,min{k- 1, IV(H)1 + ID(T’ 
Therefore 
t= IT’1 + 1 >min{k, IV(H)1 + lD(T)I), 
as required. 
If {"j-13 uj+ll are not joined to H by two independent edges, i.e., 
NH(Uj-l)=NH(Uj+I)= {w>? 
for some w  E V(H), then 
T’= T\{u,j, u,+l} = (~1, ...) u,-I, uj+2, ...T ut} 
is a strong attachment of H to C in G’. We prove now that T’ is maximum 
by showing that any strong attachment of H to G’ has cardinality at most 
t-2= IT’I. 
Let u1 , u2 ( #u,) be the two vertices on C which are joined to H in G and 
closest to uj on C, say u1 preceding, and u2 following, uj on C (but not 
necessarily adjacent to uj on C). Since INH( 3 2 and by (b), 
where it may be that u1 = uj- 1 or II* = uj+ 1, or both. By the choice of u1 
and u2, for any maximum strong attachment {aI, u2, . . . . a,} of H to C in 
G’, there is an integer I such that ur, V,E V(C[ar, ul+r]). Since N,(u,)= 
{w} =N”(U*), t f 11 i o ows from (b) that either N,(u,) = {w> or N,(u,+,)= 
{w>. The former implies a strong attachment {aI, . . . . a,, uj, u2, a,, r, . . . . a,}, 
the latter a strong attachment (a,, . . . . a,, ur, uj, a,,,, . . . . a,}, of H to C in 
G; in either case we have that p + 2 < t, that is, p < t - 2 = 1 T’I. This shows 
that T’ is a maximum strong attachment of H to C in G’, as claimed. As 
before, by the induction hypothesis, 
IT’1 >,min{k- 1, IV(H)1 + ID(T’ 
Consequently 
t= IT’1 +23min(k+ 1, IV(H)/ + ID( + l}, 
which completes the proof of (e), and so the proof of Lemma 1. 1 
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We note that if T= {ul, u2, . . . . u,} is a strong attachment of H to C in 
a graph G and H is nonseparable, then, for any pair (ui, ui+ i ), the 
subgraph induced by V(H) u (ui, ui+ 1 }, p ossibly together with the edge 
ui”i+ 1 if it is not in E(G), is 2-connected. This property is very useful in 
the proofs in the next section. If H is separable, we need the following 
definitions and results. 
Suppose that C is a cycle in a graph G and H is a separable component 
of G- C. Let B, and B, be two distinct endblocks of H and b, and b, the 
(unique) cut vertices of H contained in V(B,) and V(B,), respectively. Let 
T= (u,, u2, . . . . ut) be a maximum strong attachment of H to C in G. We 
define two disjoint subsets of the t ordered pairs (ui, ui+ i), 1 < i < t. A pair 
(ui, ui+i) is called a best pair (associated with B, and B2) if there are two 
independent edges joining one of ui and ui+ i to B, -b, and the other to 
B,- b,, and a good pair if exactly one of ui and ui+i is joined to 
(B, -b,) u (B2 - b,). If (ui, ui+ i) is a good pair such that ui (or ai+ i) is 
joined to Bj- b,, we say that (ui, u~+~) is associated with Bj (j= 1 or 2). 
Two good pairs are said to be a matched couple (associated with B, 
and B2) if one of them is associated with B, and the other with B,. Two 
matched couples are disjoint if they have no good pair in common. In 
Fig. 2, (ui , uz) is a good pair associated with B, , (u,, u3) is a good pair 
associated with both B, and B,, both (u,, uq) and (u4, ui) are best pairs, 
associated with B, and B,, and {(u,, u,), (u,, u3)} is a matched couple 
associated with B, and Bi. 
LEMMA 2. Suppose that C is a cycle in a graph G and H is a separable 
component of G - C. Let T= {ul, u2, ,.., 1.4,) be a maximum strong uttuch- 
ment of H to C in G. Let B, and B, be two endblocks of H and 6, and bz 
the cut vertices of H contained in V(B,) and V(B,), respectively. If there are 
FIGURE 2 
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two distinct vertices vI, v2 E V(C) such that v1 is joined to B, -b, and v2 to 
B, - bz. then at least one of the following statements is true. 
(i) T has two best pairs associated with B, and B,. 
(ii) T has a best pair and a matched couple associated with B, and B,. 
(iii) T has two disjoint matched couples associated with B, and B,. 
ProoJ By (b) of Lemma 1, there are uk, uI E T such that N,(u,) = 
N,(v,) and N&u,) = N,(vz) (it may be that uk= vi or uI= v2, or both). 
Without loss of generality, suppose that k < 1. Consider the subset 
{ uk, Uk+l, ***> u/-l, u,}, where the ui (k < i < I) are in the same order as in 
T. Choose p and q, where k < p < q 6 1, such that up is joined to B, -b, 
and uq to B, - bz and, subject to these conditions, q-p is as small as 
possible. If q = p + 1, then (up, up + i ) is a best pair associated with B, and 
B, ; otherwise, for every i, p < i < q, ui is joined to no vertex of (B, - b,) u 
(B, - b,) by the minimality of q - p, and thus (u,, up+ i) is a good pair 
associated with B, and (uy- i, uq) is a good pair associated with B,, yield- 
ing a matched couple {(up, up + i), (uq, uy + ,)} associated with B, and B,. 
Analogous results hold for the subject { uk, uk + i, . . . . u,, u,}. The combina- 
tion of these results completes the proof of the lemma. 1 
3. MAIN THEOREMS 
Some central theorems are proved in this section; several applications 
will be given in the next section, and more can be found in [S]. The work 
here was motivated by a desire to replace the “minimum degree” condition 
in the following theorem due to Erdiis and Gallai [4] by an “average 
degree” condition. 
THEOREM A. Let x and y be two distinct vertices in a 2-connected graph 
G. Suppose that d(v) > rfor every v E V(G)\{x, y}. Then d*(x, y) > r. 
First, we need one more definition. Let G be a graph and W a subset of 
V(G). The average degree of W in G is the number 
j+ 1 d(v). 
“‘2 w  
If H is a subgraph of G with vertex set W, we also call this number the 
average degree of H (in G). Thus, if G has minimum degree 6, then the 
average degree of any subgraph of G is at least 6. 
THEOREM 1. Let x and y be two distinct vertices in a 2-connected graph 
G. Suppose that the average degree of the vertices other than x and y is r. 
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Then d*(x, y) 2 r, with equality if and only if r is an integer and 
G=xy+ZK,-, or {x, y}+K-,. 
Note that, in Theorem 1, we may assume (by adding the edge xy, if 
necessary) that the vertices x and y are adjacent. Then the conclusion 
d*(x, y) 2 r holds if and only if G contains an xy-cycle of length at least 
r + 1. Instead of proving Theorem 1 directly, we shall prove the following 
equivalent theorem: 
THEOREM 1’. Let xy be an edge in a 2-connected graph G. Suppose that 
the average degree of the vertices other than x and y is r. Then the length of 
a longest xy-cycle in G is at least r + 1, with equality if and only if r is an 
integer and G = xy + IK, _, . 
Proof: If G = xy + lK,- , , then a longest xy-cycle in G is, of course, of 
length r + 1. In what follows, we only consider the “only if” part. 
We prove the result by induction on n = I V(G)I. Let C be a longest 
xy-cycle in G, of length c. If n = 3, then r = 2 and G = xy + K,. Hence the 
statement is true for n = 3. Suppose now that n > 4. 
Consider first the case in which C is a Hamilton cycle. Clearly r d n - 1. 
If r < n - 1 then c =n > r + 1, and there is nothing needed to prove; if 
r=n-1, then d(v) = n - 1 for all v E v\{x, y }, which implies that 
G=xy+K,p,, as required. Therefore we may suppose that C is not a 
Hamilton cycle. Let H be a component of G - C and set h = 1 V(H)I. Let rl 
be the average degree of H in G. 
First, we consider the graph G’ obtained from G by deleting H. Note 
that 
c do(v)= 1 d(v)-r,h-e(C-xy, H). 
DE Y(G’)\{x, y) “E V\{.x, y) 
If rl h + e(C- xy, H) < rh, then, noting that z:,, V,iX, Y1 d(v) = r(n - 2), 
c do(v) > r(n - 2) - rh. (2) 
OE V(G’)\{.X. J’} 
Since 1 V(G’)I = n - h, it follows that the average degree in G’ of 
V(G’)\ { x, y } is at least r. Since G is 2-connected, G’ is 2-connected. By the 
induction hypothesis, either G’ contains an xy-cycle of length more than 
r + 1, and thus so does G, or 
G’=xy+l,K,_,. 
In the latter case, the structure of G’ implies that (2) must be an equality, 
and so we must have 
r,h+e(C-xy, H)=rh, (3) 
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and moreover, 
N,(H) = {XT Y>. (4) 
It follows that e(C- xy, H) = 0, and hence, by (3), y1 = r. Thus, if H’ 
denotes the graph induced by V(H) u {x, y>, then we have that 
t: d&u)= c d(u)-e(C-xy, H)=r,h=rh. 
UE V(H’)\{x, .Y) PE Y(H) 
We claim that H’ is 2-connected. If this is not so, then there is a vertex z 
and a component H, of H’-z such that every path from H, to the edge 
xy must contain z. But from (4), N,(H) = (x, y }, and so z is also a cut 
vertex of G, which is impossible. Now applying the induction hypothesis to 
H’ and noting that an xy-cycle in H’ is also an xy-cycle in G, we have 
either c>r+ 1 or 
H’=xy+l,K,-,. 
It follows from the discussion above that if ri h + e( C - xy, H) < rh then 
c > r + 1, with equality only if G = G’ u H’ = xy + (Ii + I,) K,- , . Therefore 
we may assume that 
r,h+e(C-xy, H)>rh. (5) 
Let T= {ul, u2, . . . . u,} be a maximum strong attachment of H to C in G. 
As in Lemma 1, set S= N,(H)\T, s= ISI and 8= 1(x, y} nN,(H)I. From 
(c) of Lemma 1, 
ca2s+3-0 if t<l (6) 
and 
CB C d$(ui,ui+,)+2s+3-8 if t > 2, (7) 
i=l 
i#k 
where x~EE(C[U~, uk+i]). Also, by the definition of T, we have 
immediately that, if t > 2, then for every i, 1 < id t, 
d$(“i, Uj+ 1) 2 3. 
We distinguish two cases: 
Case 1. H is nonseparable. 
We note first that, by the definition of 8, 
e( C - xy, H) < (s + t - 8)h, 
(8) 
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and so, from (5), 
r,>r+e-s-t. 




Adding (9) and (10) yields 
2r, >r+tl 
Since h = 1, we must have that t = 1 and so by (lo), s = r, - 1. It follows 
from (6) that 
c>2(r,-1)+3-0=2r,+l-8>r+l. 
Therefore we may suppose that h 3 2. Since G is 2-connected and c > 3, H 
is locally 2-connected to C. By (e) of Lemma 1 
t b 2. 
By the definition of T, for each pair (ui, u,, r), 1 < i< t, there are two inde- 
pendent edges joining (ui, ui+ r } to H. Let Fi be the graph induced by 
V(H) u {ui, ui+ r} together with the edge uiui+ r (if it is not in E(G)). Then 
F, is 2-connected and 
c dF,(u)= 1 4u)-e(C- {ui, Ui+,>, HI UE v(F!)\{u,.u,+Ij L’E V(H) 
=r,h-e(T\{ui, Ui+l}, H)-e(S, H). 
By (a) of Lemma 1, e($ H) = s. Hence 
c d,,(u)>r,h-(t-2)h-sa(r,+2--s--t)h. (11) 
“E V(F,)\l~,.Uz+l~ 
Since h = I V(Fi)l - 2, it follows from the induction hypothesis that F, 
contains a uiz4i+l -cycle of length at least r, + 3 - s - t. Thus 
d~(uj,ui+,)~r,+2-s-t, 
and by (9), 
d*,(u,,ui+,)>r+2+e-2s-2t. (12) 
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This is true for every i, 1 Q i < t. Since t 2 2, there is at least one pair 
(up up+ I ) with p # k. Substituting (12) for d$(u,, uP+i) in (7) and (8) for 
the other terms. we have that 
This completes Case 1. 
Case 2. H is separable. 
In this case, h > 3 and so, as before, t 2 2. Let B be an endblock of H and 
b the cut vertex of H contained in V(B). Set 
M=B-b, m= IWU, and d= IN&W. 
Let r’ be the average degree of A4 in G. Consider the graph G’ obtained 
from G by contracting B. We have 
c d&u)> 1 d(u)- r’m - e( C - xy, M) - e( 6, M). 
“E VCG’)\(x. VI “E V\{x. Y} 
If r’m + e( C - xy, M) < (Y - 1) m, then, noting that e( b, M) < m, 
c 
d&u)>r(n-2)-(r-l)m-m=r(IV(G’)I -2). 
UE V(G’)\(x, y) 
Since G is 2-connected and B is an endblock of H, G’ is 2-connected. By 
the induction hypothesis, either c > r + 1 or 
G’=xy+K-,, 
which would imply that the original graph G has an xy-cycle containing 
some vertices of A4 and of length at least r + 2. Thus we may suppose that 
r’m+e(C-xy,M)>(r-1)m. (13) 
However, 
e(C-v, WQ IN,(W\{x, yIlm< lN~(fO\{x, Y)lw 
and then, by the definition of 0, 
e(C-xy,M)$(s+t-8)m. 
Using this in ( 13), we have 
r’>r+d-l-s-t. (14) 
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Furthermore, let u E N,(M) and F be the graph induced by V(B) u {a} 
together with the edge ub (if it is not in E(G)). Then F is 2-connected and 
c d,(u)= 1 d(u)-e(C-24, M)=r’m-e(C-u, M). 




c dF(u) > r’m - (d- 1)m = (r’ + 1 - d)(l V(F)/ - 2). 
CE Y(F)\{u. b) 
By the induction hypothesis, F contains a ub-cycle of length at least 
r’ + 2 - d, which means that 
d&(u,b)>r’+l-d, (15) 
and so by (14) 
d&(u,b)>r+O-s-t-d. (16) 
This is true for any endblock B of Z-Z. In particular, let B, and B, be two 
distinct endblocks of H and b, and b, the cut vertices of H contained in 
V( B, ) and V( B2), respectively. For j = 1, 2, set 
h4,= Bj-b,, m, = I UM,)I, and dj= IN,(Mj)It 
and let rj be the average degree of Mj in G. Then, by (16) for any u E Tn 
N,("j), j= l, 2, 
d*,,(u,b,)>r+Q-s-f-d,. (17) 
For any i, 1 < i < t, if (ui, ldi+ ,) is a best pa’ rr, associated with B, and B,, 
say that ui is joined to M, and ui+ I to M,, then 
Mui, ui+ 1) 3 G,(ui, b,) + dEiJui+, > bJ. (18) 
Since 
d:,(ui, b,) a 2 and C,Jui+ 1, bz) 2 2, (19) 
combining (17) and (19) with (18) and noting that d, Q s+ t, forj= 1, 2, we 
obtain 
d$(ui, ui+ 1) L r + 2 + 8 - 2~ - 2~. (20) 
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If (ui, ui+ i) is a good pair associated with B,, say ui is joined to M,, then 
BY (17), 
(21) 
Similarly, if (ui, ui+ i ) is a good pair associated with B,, 
d$(Ui, u,+,)>r+ 1+8-s-t-d*. (22) 
However, by the definition, if (ui, Us+,) is a good pair then either ui or ui+ i 
is joined to no vertex of M, u M,, and thus for j = 1,2, 
d,ds+t-1. 
Hence, in either of (21) and (22), we have 
(23) 
dQUi, ui+ 1) > Y + 2 + 0 - 2s - 2t. (24) 
Therefore, from (20) and (24), for any best or good pair (ui, ui+ i), 
1gi<t, 
d;(uj,ui+,)>r+2+e-2s-2t. (25) 
If N,(M,)=N,(M,)= (4 f or some u E V(C), then by (a) of Lemma 1, 
u q! S, i.e., u E T, say u = u,, for some 1. Since t 2 2, we see that (u,- i , u,) and 
( u/, u/+ 1 ) are two good pairs. If this case does not occur then, since G is 
2-connected, there are ui, v? E V(C) such that vi is joined to M, and v2 to 
M,, and, by Lemma 2, T has two best or good pairs. Applying (25) and 
(8) to (7), we have that 
This completes Case 2, and so the proof of Theorem 1’. 1 
We note that the extremal graphs in Theorem 1’ either have a 2-vertex 
cut or are complete. However, even if we assume that the graph has higher 
connectivity and is not complete, we cannot improve on the results in 
general. Consider the graph G = K,,, + (n - m)K,, m 2 2. Then G is 
m-connected and has n vertices. Let r = 2(m - 1) - E, where E is any fixed 
positive number. Then, for any edge xy E E(K,,,), 
c d(u)=(n-m)m+(m-2)n>r(n-2), 
CE b’\{x. y) 
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provided that n - 2 5 (~-2)~/s. But a longest xy-cycle in G has length 
2m-l=r+l+&. 
As a tool for proof of the next theorem, we prove the following lemma. 
Essentially, it is just a side product of the proof of Theorem 1’. 
LEMMA 3. Let C be a cycle in a graph G and H a component of G - C. 
Let T= {u,, u2, . . . . ut> be a maximum strong attachment of H to C, where 
t 3 2. Set S= N,(H)\T, s = ISI, and h = 1 V(H)/. 
(a) If H is nonseparable and has average degree r in G, then, for every 
pair (u;, u,+~), 1 6 i< t, 
with equality only if H is a complete graph every vertex of which is joined 
to every vertex of T. 
(b) Let H be separable, let B, and B, be two distinct endblocks of H 
and b, and b2 the cut vertices of H contained in V(B,) and V(B,), respec- 
tively, and let r be a real number such that, for j= 1, 2, 
c d(v)>(r-l)[V(B,-bj)I. (26) 
“E V(B,- b,) 
(i) For any best orgoodpair (ui, ui+ 1), associated with B, and/or B,, 
d$(u,,ui+,)>r+2-s-t. 
(ii) Let b(T) denote the number of best pairs in T. For any best pair 
t”i2 ui+ I ) ,  
dX(ui, u,+,)>2r-s-t-b(T), 
and, for any matched couple {(up, up + 1 1, (uq, uy + 1 I>, 
dX(u,,u,+,)+df,(u,,u,+,)>2r+2-s-t-b(T). 
ProoJ: (a) As in the proof of (1 l), let Fi be the graph induced by 
V(H) u {u;, u,+r}, together with the edge u~u~+~ if it is not in E(G). Then 
Fi is 2-connected and 
c dr,(v)= 1 d(v)-e(C- {ui, ui+,}, H)arh-(t-2)h-s. 
I’E O~,)\ju,, u,+,: L’E V(H) 
(27) 
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Equality can hold in (27) only if every vertex of H is joined to every vertex 





By Theorem 1, 
(28) 
with equality only if Fi = uiui+ r + mK, (so (27) is an equality), where I= 
r + 1 - t - s/h and m = h/l. Since {u,, ui+ I } cannot be a 2-vertex cut of F,, 
if Fi = uiui+ 1 + mK, then it must be that m = 1, which means that H = Kl 
and every vertex of H is joined to both ui and u,, 1. Hence, equality can 
only hold in (28) if H = K, and every vertex of H is joined to every vertex 
of T. This proves (a). 
(b) As in Case 2 of the proof of Theorem l’, for j= 1,2, let 
A4,= B,-b, and dj= INdMj)I. 
By the given condition (26) and the arguments used in the derivation of 
(17), replacing the r’ in (15) by r - 1 and using Theorem 1 instead of induc- 
tion hypothesis, we have that, for j = 1,2, 
dL,(u, bj) > r - d,, (29) 
where u is any vertex in N,(M,). As in the derivation of (25), but using 
(29) instead of (17), we have that, for any best or good pair (ui, ui+ r), 
d$(ui,ui+,)>r+2-s-t, 
as required by (i). 
Furthermore, if (uj, uj+ r) is a best pair, say ui is joined to M, and ui+, 
to M,, then 
dXui, ui+ 1) a dC;,(ui, b,) + dL,(ut + 15 b2h 
and by (29), 
df;(ui,ui+,)>2r-d,-d,. (30) 
If (Ui, Ui+ r) is a good pair associated with B,, say ui is joined to M,, then 
d$(u,, u;+l)>d:,(ulr b,)+ 1 >r+ 1 -d,. 
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Similarly, if (ui, ui+ r ) is a good pair associated with B,, then 
dj$(~,,ui+,)>r+l-dZ. 
Therefore, if { (u,, up + , ), (u,, U, + , ) } is a matched couple, 
Mu,, u,+J+d%u,, u,+,)>2r+2-d,-d,. 
To see (ii), it suffkes to show that 
(31) 
d,+d,<s+t+b(T). 
By (a) of Lemma 1, 
which may be rewritten as, 
d, +d,Gi .i (I(ur, Ui+l }“N~(M,)I+I(ui~ui+I}nN,(M,)I)+s. 
r=l 
(32) 
Trivially, for every i, 1 d i< t, 
I(ui, ui+I)nNC(MI)l + I{“i3 ui+,}nNc(M2)l G4. (33) 
Moreover, by the definition, if (ui, ui+ ,) is not a best pair, 
Ih Ut+l inNc(M~)l+ I{ui, ui+~> “Nc(Mz)I d2. (34) 
Since the number of the best pairs is 6(T), using (33) exactly b(T) times 





as claimed. This completes the proof of (b), and of the lemma. 1 
Armed with Lemma 3, we are now ready to prove the following theorem. 
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THEOREM 2. Let C be a cycle, of length c, in a graph G and H a compo- 
nent of G - C. If C is locally longest with respect to H and H is locally 
k-connected to C, where 2 < k d 4 and 1 V(H)1 > k - 1, and if, in addition, the 
average degree of H in G is r, then c > k(r + 2 -k), with equality only if H 
is a complete graph in which every vertex has the same k or r + 2 -k 
neighbours on C. 
Prooj For convenience, set h = 1 V( H)I. If h = 1, say H = z, then d(z) = r 
and so c > 2r. Since h 3 k - 1, we can have h = 1 only if k = 2. Noting that 
2r = k(r + 2 - k) for k = 2, we see that the theorem holds when h = 1. Thus 
we may suppose that h 2 2. Let T= {u,, u2, . . . . u,> be a maximum strong 
attachment of H to C and set S = N,(H)\T and s = ISI. Since h > 2, by (e) 
of Lemma 1, t b 2. It follows from (d) of Lemma 1 that 
c> 1 d:(ui, ui+,)+2s. 
i= 1 
(35) 
By the definition of T, for every pair (ui, ui+ i), 1 < i < t, 
d%ui, ui+ 1) > 3. (36) 
We use induction on the number of blocks of H. The initial step is that 
H has only one block, that is, H is nonseparable. Then, by (a) of Lemma 3, 
for every i, 1 Q i < t, 
(37) 
with equality only if H is a complete graph every vertex of which is 
joined to every vertex of T. Furthermore, if k = 2,3, then, by (36), 
d$(ui, ui+ i) > 3 B k; if k = 4, then h 2 k - 1 = 3, but H is nonseparable and 
so d$(ur, ui+ i) 2 4 = k. Therefore, for all k, 2 Q k < 4, and every i, 1 < i < t, 
G(uj, ui, 1) 2 k. (38) 
If t 2 k, we substitute (37) for k terms in the sum on the right-hand side 
of (35) and (38) for the other t - k terms, and obtain that 
c>k r+2-t-i +(t-k)k+2s=k(r+2-k)+s 
Now 
2h=h+h>2+(k-l)>k. 
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Therefore, 
c 2 k(r + 2 -k), 
with equality only if s = 0 and (37) is an equality. Noting that s = 0 implies 
that the vertices of H can only be joined to the vertices of T, we see that 
c=k(r+2-k) only if H=&+,-, and every vertex of H has T as its 
neighbour set on C. This would give 
c 3 t(r + 2 - t) = k(r + 2 - k) + (r - k)(r + 2 -k - t). (39) 
However, if c = k(r + 2 -k), then, using (38) in (35), we have 
k(r+2-k)=c>kt, 
and so r+2 -k> t. Since t3 k, it follows from (39) that t = k or 
t=r+2-k. 
If t < k - 1, then, by (e) of Lemma 1, we must have that 1= h = k - 1 and 
D(T) = @, where D(T) = {USE T: d,(ui) > 2). This implies, taking (a) of 
Lemma 1 into account, that 




Note that k > 2 and, because H is locally k-connected to C, r z k. Thus 
(k-2)(r+2-k)>O. 
Substituting (36) in (35), and then using (40), we have 
that is, 
This completes our initial induction step, namely, the case when H has 
only one block. Suppose now that H contains at least two blocks. 
Since H has at least two blocks, h > 3. Let B be any endblock of H and 
b the cut vertex of H contained in V(B). Suppose that 
c d(u)<(r- l)IV(B-b)l. 
L’S Y(B-b) 
(41) 
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We contract B and denote by G’ the resulting graph and, by H’ the corre- 
sponding component of G’ - C. Of course, C is locally longest with respect 
to H’ in G’. By Proposition 3, H’ is locally k-connected to C in G’. 
Moreover, 
1 d,,(u)> c d(u)- 1 d(u)-e(b, B-b). 
C’E V(H’) v E C’(H) VE V(B-b) 
By the definition of r, and using (41) and the fact e(b, B-b)< 1 V(B--b)l, 
Thus, the average degree of H’ in G’ is at least r. Since H’ contains fewer 
blocks than H, by the induction hypothesis, c > k(r + 2 -k), with equality 
only if the average degree of H’ in G’ is exactly r and H’ is a complete 
graph in which every vertex has the same k or r + 2 -k neighbours on C. 
This would imply, since 1 V(H’)I B 2, that s = 0 and t = k or r + 2 - k. So, 
if equality holds, then we have that, either t = k and 
djf,(ui, ui+ 1) > d$.(ui, ui+ 1) = r + 2 -k for all i, l<i<t, 
or t=r+2-k and 
dg(ui, Ui+ 1) > dgs(uiy Ui+ I)= k for all i, 1 Q i < t. 
Since H’ is complete and d,(B - b) > 0, there is a p such that 
dE(u,, up+ i) B d;l;(u,, up+ i) + 1. In either case, 
, 
c> C d~(ui,uj+,)>k(r+2-k). 
i=l 




Let B, and B, be two distinct endblocks of H and 6(T) the number of best 
pairs in T, associated with B, and BZ. It follows from (42) and (b) of 
Lemma 3 that, for any best or good pair (u;, ui + i ), 
d$(ui, u,+,)>r+2--s-t; (43) 
for any best pair (ui, ui+i), 
d$(ui, ui+,)>2r-s-t-h(T); (44) 
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for any matched couple {(up, up+, 1, tug, uq+ 1 )}, 
d~(u,,u,+,)+dX(u,,u,+,)>2r+2-s-t-b(T). (45) 
Furthermore, if (ui, ui+ r) is a best pair, it follows directly from the dehni- 
tion that 
dX(“i, ui+ 1) 2 4. (46) 
If N,(B,-6,)=N,(B,-b,)= {ZA} f or some u E V(C), then it must be 
that k = 2 and, by (a) of Lemma 1, UE T, say u = u, for some 1. Then 
(ul- 1 9 4 and h u/+ 1 1 are two good pairs. Using (43) and (36) in (35) 
c > 2(r+ 2-s- t) + 3(t-2) + 2s=2r + t-2 2 2r= k(r + 2 -k). 
Thus, we may suppose that there are two distinct vertices on C, one of 
which is joined to B, -b, and the other to B, - 6,. By Lemma 2, we have 
at least one of the following cases. 
(i) T has two best pairs. So b(T) > 2. If k=4, (35) yields, on 
substituting (44) for two best pairs, (46) for the other b(T) - 2 best pairs 
and (36) for all the remaining pairs, 
that is, 
If k = 3, then t > 3, by (e) of Lemma 1. Thus (35) yields, on substituting 
(43) for one best pair, (44) for a second pair, (46) for the other b(T) - 2 
best pairs, and (36) for all the remaining pairs, 
that is, 
c>3r+t-633(r-l)=k(r+2-k). 
If k = 2, (35) yields, on substituting (43) for two best pairs and (36) for all 
other pairs, 
(ii) T has a best pair and a matched couple. This implies that t 2 3. 
Furthermore, we may assume that b(T) = 1, for otherwise it is the case 
5X?h.‘49.r?-3 
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discussed above. We substitute, into (35), (44) for the best pair, (45) for 




Note that r Zk. It follows that cak(r +2 -k) unless k=2 and r< 3. 
However, when k = 2 and r < 3, we have, directly from (35) and (36), that 
c>3t>9>2r=k(r+2-k). 
(iii) T has two disjoint matched couples. In this case t > 4. By (i) and 
(ii), we may assume that b(T) = 0. Substituting, into (35), (45) for two 
disjoint matched couples and (36) for all the remaining pairs, we obtain 
that 
so 
Consequently, in each case we have that c > k(r + 2 - k) for all k, 
2 <k < 4. This completes the proof of Theorem 2. 1 
The following two theorems, Theorems 3 and 4, strengthen two results in 
[6], and could have been combined into one, as was done in Theorem 2. 
However, in order to demonstrate a new technique, we present them 
separately. 
THEOREM 3. Let C be an xy-cycle, of length c, in a graph G and H a 
component of G - C. If C is locally longest with respect to H, subject to con- 
taining xy, and H is locally 2-connected to C and is, in addition, the average 
degree of H in G is r, then c 2 r + 1, with equality only if H is a complete 
graph in which every vertex has the same two neighbours on C. 
Proof: If H consists of a single vertex, say z, then d(z) = r and so 
c 2 2r - 1 > r + 1, with equality only if r = 2. Hence the result is true for 
1 V(H)1 = 1. Suppose now that 1 V(H)1 2 2. If c 2 r + 1, there is nothing to 
prove. Suppose that cd r + 1, so that dz(x, y) < r. We add a new path 
P = xv, v2 . . v,- I y, where vi (1 < i < r - 1) are new vertices with degree 
two. Then C” = (C - xy) u P is a cycle. Since C is a locally longest xy-cycle 
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with respect to H, and noting that dg(x, y) < r and P has length r, we see 
that C’ is a locally longest cycle with respect to H in the new graph G’. The 
proof is completed by applying Theorem 2, with k = 2, to C’ in G’. 1 
THEOREM 4. Let C be an xy-cycle, of lenght c, in a graph G and H a 
component of G- C. If C is locally longest with respect to H, subject to con- 
taining xy, and H is locally 3-connected to C and if, in addition, the average 
degree of H in G is r, then c > 2r - 1, with equality only if H is a complete 
graph in which every vertex has the same 3 or r neighbours on C. 
Proof Let h = 1 V(H)I. If h = 1, say V(H)= {z}, then d(z)=r, so 
c > 2r - 1, with equality only if d(z) = r. Hence the result holds for h = 1. 
Suppose now that h > 2. Let T= {uI, u2, . . . . u,) be a maximum strong 
attachment of H to C and set S=N,(H)\T and s= ISI. Since h 22, it 
follows from (e) of Lemma 1 that t > 2. By (c) of Lemma 1, using the fact 
that 8~2, 




where xyEE(C[+, tik+l]). 
As the proof in Theorem l’, we use induction on the number of blocks 
of H. The initial step is that H is nonseparable. As before, by (a) of 
Lemma 3, (37) holds. 
If t 2 3, substituting (37) for two terms in the sum on the right-hand side 
of (47) and using dX(ui, ui+ i) > 3 for all other terms, we have that 
ca2 r+2-t--: +3(t-3)+2s+1=2r+t+2s-4-:, 
( h) 
that is, 
ca(2r-l)+2s 1-i +(t-3)>2r-1, 
( ) 
with equality only if s = 0, t = 3, and (37) is an equality, which would imply 
the required structure of H. 
If t = 2, by (e) of Lemma 1 we must have that h = 2 and D(T) = 0. Then 
s+t=e(C, H)= c d(v)-2=2r-2. 
“E V(H) 
(48) 
However, directly from (47) we have that 
176 GENGHUA FAN 
Using (48), c 2 2r. This completes our initial induction step. Suppose now 
that H contains at least two blocks. 
As before, either the proof is completed, or, for any block B of H with 
cut vertex b of H, 
1 d(u)>(r-l)lV(B-b)l. 
UE V(B--b) 
In the latter case, let B, and B, be two endblocks of H. Then we have all 
of the four inequalities (43~(46). Moreover, by (e) of Lemma 1 we have 
t > 3. Since H is locally 3-connected to C, there are two distinct vertices on 
C, one of which is joined to B, -b, and the other to B, -b,. By Lemma 2, 
we have at least one of the following cases. 
(i) T has two best pairs. Then there is at least one pair which is not 
(uk, z++ i). Substituting (44) for this pair, in (47) and (46) for b(T) - 2 
best pairs (in the worst case, (u,, uk+,) is a best pair), 
c>(2r-s-t-b(T))+4(b(T)-2)+3(t-b(T))+2.s+ 1, 
that is. 
(ii) T has a best pair and a matched couple. If (uk, uk+ 1) is a best 
pair, then we have two good pairs from the matched couple, neither of 




If (u/c9 %+I) is not a best pair, then we can use (44) as we did in (i). 
(iii) T has two disjoint matched couples. Then T has four good pairs. 
As in the first case of (ii), we substitute (43) for two good pairs in (47) and 
have that c > 2r - 1. 
In each case, we have that c > 2r - 1, and we complete our proof. 1 
We conclude this section with the following conjecture. 
Conjecture 1. Let C be a cycle, of length c, in a graph G and H a com- 
ponent of G - C. If C is locally longest with respect to H and H is locally 
k-connected to C, where k > 2 and ( I’( H)( > k - 1, and if, in addition, the 
LONG CYCLES IN GRAPHS 177 
average degree of H is r, then c B k(r + 2 -k), with equality only if H is a 
complete graph in which every vertex has the same k or r + 2 -k 
neighbours on C. 
Remark. Conjecture 1 is true for 2 <k < 4 (Theorem 2). 
4. APPLICATIONS 
THEOREM 5. Let G be a 2-connected graph on n vertices. If r is a real 
number such that 
e(G) Z F(n-2)+1, 
then d*(G)>r, with equality if and only if r is an integer and 
G=K,+IK,-,. 
Proof: If G = Kz + IK,- 1, obviously d*(G) = r. Conversely, let x and y 
be any two distinct vertices in G. Then 
e(G)=; 1 d(v)+d(x)+d(y) c 
“E Y\(s. 1.) LIE V\(x, I.} 
that is. 
1 d(v)a2e(G)-2(n-l)>r(n-2). 
UE V\{x, .v) 
Observe that e(G) > e(2K, + ZK,- i) when I= (n - 2)/(r - 1). It follows from 
Theorem 1 that d*(x, y) 2 r, with equality only if r is an integer and 
G = xy + ZK,- i. This is true for any x and y, and the result follows. 1 
If we require the number r to be an integer, we have 
COROLLARY 5.1. Let G be a 2-connected graph on n vertices. Zf k is an 
integer such that 
e(G) > y(n-2)+ 1, 
then d*(G) > k. 
Proof: By Theorem 5, d*(G) 2 k - 1, but G cannot be isomorphic to 
K,+ZK,-, since e(G)>e(K,+IK,-,) when l=(n-2)/(k-2). The result 
follows from the fact that both d*(G) and k are integers. 1 
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It is clear that Theorem 2 with k = 2 gives the following well known 
Dirac’s Theorem [ 3 1. 
THEOREM B. If C is a longest cycle in a 2-connected graph with minimum 
degree d, then C either is a Hamilton cycle or has length at least 2d. 
The following result is due to Erdiis and Gallai [4]. 
THEOREM C. Let G be a graph on n vertices. If c(G) = c, then 
e(G)<i(n- 11, 
with equality only if n = m( c - 1) + 1 and G is a connected graph containing 
m blocks each of which is K,. 
The first part of Theorem C has been extended by Bondy [ 11, who 
proved 
THEOREM D. Let C be a longest cycle, of length c, in a graph G on n 
vertices. Then 
e(G-C)+e(G-C’,C)<i(n-c). 
The following result is an extension of both Theorems C and D. 
THEOREM 6. Let C be a longest cycle, of length c, in a 2-connected graph 
G on n vertices. Then 
2e(G-C)+e(G-C, C)<i(n-c). 
Remark. It is not diflicult to see that Theorems C and D can be 
obtained by applying Theorem 6 to each block of the graph (if the graph 
is not 2-connected). 
Proof of Theorem 6. Let H be any component of G - C (if there is one). 
By Theorem 2 with k = 2, 
Summing over all components of G - C, 
C d(v)<i(n-cc). 
UE V(G-C) 




TE UC- Cl 
d(o)g~(n-C)3 
which completes the proof. 1 
We conclude this paper by presenting a new proof of the following result 
of Bondy and Nash-Williams (see [6, pp. 159, 1631). It will be seen that 
the proof makes effective use of our results on the local structure of a 
graph. 
THEOREM E. Let G be a 2-connected graph on n vertices. Suppose that 
d(u) 3 (n + 2)/3 for all v E V(G), and let C be a longest cycle of G. Then 
e(G-C)=O. 





Suppose that e(G - C) # 0. Then there is a component H of G - C with 
1 V( H)I B 2. Furthermore, for every v E V(H), 
n+2 n-4 
d,(v)ad(o)- IV(G-C)I + 1 >3-- 3 +1=3. 
This means that H is locally 3-connected to C in G. It follows from 




This contradiction completes the proof. 1 
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